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Nomenclature

J+ Heat current corresponds to Δ  >  0, µW
J− Heat current corresponds to Δ  <  0, µW
S+  Overlap of the power spectra corresponds  

to Δ  >  0, dimensionless
S−  Overlap of the power spectra corresponds  

to Δ  <  0, dimensionless
T0 Average temperature, K
Ehot   Total energy acquired from the atoms in the hot 

thermostats, µJ
Ecold   Total energy lost from the atoms in the cold  

thermostats, µJ
δF Thickness of the fixed part, angstrom
LC Carbon nanotube length, angstrom

LGR  Side length of the right graphene sheet after 
excluding the fixed part, angstrom

LGL  Side length of the left graphene sheet after 
excluding the fixed part, angstrom

δT  Thickness of the square ring heating bath region, 
angstrom

Pw(ω) Power spectrum of the wide sides of the device
Pn(ω)   Power spectrum of the narrow sides of the  

device

Greek symbols 

∆ Normalized temperature difference, dimensionless
η Thermal rectification ratio, dimensionless
ηmax  Maximum thermal rectification ratio, 

dimensionless
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Abstract
Three SWCNT-graphene nanostructure-based models are designed to probe the thermal 
rectification caused by the structural asymmetry in the boundary thermal contacts, the device, 
and the whole system, respectively. We find that both the asymmetry of entire system and the 
asymmetry of the device are not necessary condition for the existence of thermal rectification, 
and the asymmetry in boundary thermal contacts is more important than the asymmetry in 
device toward determining both the magnitude and the direction of thermal rectification. 
Interestingly, notable thermal rectification can exist in the systems with overall structural 
symmetry when the boundary thermal contacts are structurally asymmetric. Moreover, 
nanostructures with a structurally symmetric device and structurally asymmetric boundary 
thermal contacts can still display significant thermal rectification. These findings could 
offer insight into the future design and performance improvement of nanostructured thermal 
rectifiers.
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1. Introduction

As the counterpart of an electronic rectifier, a thermal rectifier 
or thermal diode is a device which allows heat to flow pref-
erentially in one direction while restricting it in the opposite 
direction [1, 2]. Due to its great potential for applications in 
the field of thermal management and phononics applications 
[3–6], substantial attention has been paid to exploring new 
nanostructures with thermal rectification and to the study of 
novel thermal rectification mechanism [7–29]. Many studies 
have reported the thermal rectification in nanostructures with 
asymmetric shapes [18–29]. To understand the role that shape 
asymmetry played in thermal rectification, Lee et al [23] inves-
tigated thermal rectification in 3D asymmetric nanostructures. 
In their study, a thermal rectification system (excluding the 
fixed part) is divided into two parts: the thermostated parts 
are considered as the boundary thermal contacts, and the free 
part of the system considered as the device. The two parts are 
seamlessly conjoined by covalent bonds and in the same crys-
talline material. Their study shows that size asymmetry in the 
boundary thermal contacts has a significant effect on thermal 
rectification. Additionally, Gordiz et al [30] investigated the 
thermal rectification in multi-walled carbon nanotube, and 
they found that asymmetric thermal reservoirs can produce 
the thermal rectification when the device is also asymmetric. 
Recently, Ming et al [31] further investigated the influence of 
the nonlinear system-bath coupling and the boundary effect in 
thermal rectification in harmonic chains.

In this study, we focus on the effect of structural asym-
metry on thermal rectification. It should be emphasized that, 
for a structurally symmetric nanostructure, both the lattice 
structure and shape are symmetrical to the symmetrical axis 
of the overall structure along the direction of the thermal rec-
tification. In the following text, all terms of asymmetry and 
symmetry only refer to this structural asymmetry and struc-
tural symmetry.

In fact, the impact of asymmetry for both the boundary 
thermal contacts and the device on the thermal rectification 
of the overall system remains unclear. For example, it is still 
unknown whether thermal rectification can exist in a system 
with a symmetric device and asymmetric boundary thermal 
contacts and whether a system that satisfies overall system 
symmetry with asymmetric boundary thermal contacts can 
display thermal rectification. We will address these questions 
in this report. More importantly, to enable rational design of 
a more efficient thermal rectifier with asymmetric nanostruc-
tures, a fundamental and comprehensive understanding of 
the effect of structural asymmetry on thermal rectification is 
essential.

2. Models and methodology

We explore these questions based on several SWCNT-
graphene junctions-based nanostructures. We examine the 
thermal rectification of three different models based on carbon 

nanotube-graphene junctions: Model A, Model B, and Model 
C, as shown in figure 1. Following the idea of Lee [23], the 
three models are divided into the fixed region, the boundary 
thermal contacts region, and the device region. It can be seen 
in figure 1 that the division of the device region (cyan) and the 
boundary thermal contacts region (red) in the three models 
is different. The edge parts (green) of the square graphene 
sheets at both ends are fixed, the thickness δF  =  0.4 nm, the 
carbon nanotube length LC  =  9.5 nm, and the side lengths of 
the right and left graphene sheets after excluding the fixed part 
are LGR and LGL, respectively. In the process of simulation, 
LGR  =  2.8 nm is fixed and LGL varies from 2.8 nm to 12.8 nm. 
In Model B and Model C, the thickness of the square ring 
heating bath region δT  =  0.4 nm.

The differences in symmetry of the three model structures 
should be noted. Model A: the device region is symmetric, 
but the boundary thermal contacts region is asymmetric when 
LGL  >  2.8 nm. Model B: when LGL  >  2.8 nm, both the device 
region and boundary thermal contacts region are asymmetric 
and the device region integrally shows the left end is wide and 
the right end is narrow. Model C: when LGL  >  2.8 nm, both 
the device region and boundary thermal contacts are asym-
metric; however, the device region integrally shows the right 
end is wide and the left end is narrow, which is in contrast to 
Model B. To facilitate the analysis and discussion in our simu-
lations, the left end and right ends of the system are referred to 
as the wide end and narrow end, respectively.

Nonequilibrium molecular dynamics (NEMD) simulations 
are carried out for thermal rectification calculations using the 
large-scale atomic/molecular massively parallel simulator 
(LAMMPS) software package [32], and the optimized Tersoff 
potential [33] is adopted. The time step is set to 0.4 fs. In all 
the simulations, the atoms at the two sides colored in green in 
the model are fixed to make a suspended structure, and the free 
boundary condition is applied to all the directions. The system 
is relaxed in the NVT ensemble at T0  =  300 K for 5  ×  106 time 
steps using a Nose–Hoover thermostat. Following the sugges-
tion of Wang [24], a Berendsen thermostat is then adopted for 
the boundary thermal contacts region. To establish a temper-
ature gradient along the longitudinal direction of the tube, the 
system is performed for another 12  ×  106 time steps under 
NVE ensemble. The temperatures in the heating bath zones of 
the wide and narrow ends are set to T0(1 +∆) and T0(1 −∆), 
respectively, where ∆ represent the normalized temperature 
difference and the wide end is the hot end when ∆ > 0 and 
the narrow end is the hot end when ∆ < 0.

The thermal rectification ratio and the net heat flux are 
defined as

η =
(J+ − J−)

J−
× 100%, (1)

where J+ and J− represent the heat flux in the case of ∆ > 0 
and ∆ > 0, respectively; J± = (∂Ehot/∂t + ∂Ecold/∂t) /2; 
Ehotand Ecold  are the energy acquired/lost from the hot/cold 
end, respectively.
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3. Results and discussion

The relationship of the calculated thermal rectification ratios 
of Model A, Model B, and Model C with LGL and |∆| and 
the relationship of the corresponding J+(J−) with LGL and 
|∆| are illustrated in figure 2. Figures 2(a) and (b) show the 
changes of the thermal rectification ratios of the three models 
(LGL  =  8.8 nm) and the changes of heat flux, respectively, 
when the average temperature is 300 K and the values of |∆| 

are increased from 0.1 to 0.5. The thermal rectification ratios 
of the three models and the heat flux increased almost lin-
early with |∆|. The thermal rectification ratios (η) of Model A, 
Model B, and Model C are 64.31% and 76.11% and 92.54% 
at T = 300 K and |∆| = 0.5, respectively.

Figures 2(c) and (d) show the changes of the thermal recti-
fication ratios for the three models (|∆|  =  0.5) and the changes 
of heat flux under different LGL, respectively. As the values of 
LGL increased from 2.8 nm to 12.8 nm, the thermal rectification 

Figure 1. The schematic diagram of 3 CNT-graphene junction based models, Model A, Model B, and Model C, for calculating the thermal 
rectification. The green, red, and cyan regions represent the fixed part, the thermostated part, and the free part of the system, respectively.

Figure 2. The thermal rectification results of Model A (triangle), Model B (square), and Model C (diamond). (a) and (b) Thermal 
rectification ratio and corresponding heat flux versus |∆|; (c) and (d) thermal rectification ratio and corresponding heat flux versus LGL.
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ratios of each model (η) first increases sharply initially with 
increasing LGL, and then it tends to converge to a constant 
value at approximately 8.8 nm, The maximum thermal rec-
tification ratios (ηmax) of Model A, Model B, and Model C 
are 66.6%, 80.6%, and 98.8%, respectively, corresponding 
to the LGL value of 12.8 nm. For Model A, we can note that 
the device region is symmetric but the boundary thermal con-
tacts and the entire system is asymmetric when LGL > 2.8 nm, 
and the system has a significant thermal rectification effect. 
Therefore, we can conclude that the asymmetry of the device 
region is not a necessary condition for the existence of a 
thermal rectification effect and when the device is symmetric 
and the boundary thermal contacts is asymmetric the thermal 
rectification effect of the system can still be evident.

When LGL  =  LGR  =  2.8 nm, it is important to note that 
the device region and the boundary thermal contacts region 
of Model A and Model B become both bilaterally symmet-
rical structures. As such, there is no thermal rectification 
effect, and the thermal rectification ratios basically equal 
zero. However, for Model C, although the entire system is 
bilaterally symmetrical, from the perspective of the size of 
the device region, the left end is narrow and the right end is 
wide, while from the perspective of the size of the boundary 
thermal contacts region, the left end is wide and the right end 
is narrow. Interestingly, we found that notable thermal recti-
fication display in Model C. The calculated thermal rectifica-
tion ratio of Model C is 40.5% when LGL  =  LGR  =  2.8 nm, 
and this means that the heat flows easily from the left to 
right, and this is consistent with the asymmetric direction 
of the boundary thermal contacts region. The above analysis 
suggests that the asymmetry of the entire system is not a 
necessary condition for the existence of a thermal rectifica-
tion effect. When the system has an overall structure that is 
symmetric and a boundary thermal contacts region that is 
asymmetric, it can still exhibit a thermal rectification effect. 
This also indicated that the asymmetry in boundary thermal 
contacts is more important than the asymmetry in device 
toward determining both the magnitude and the direction of 
thermal rectification.

In order to analyze the underlying mechanism of the thermal 
rectification effect in each model, we calculate the power 
spectra. The power spectrum is considered a good qualitative 
and quantitative method to explain the thermal rectification 
effect. For the above three models (LGL  =  8.8 nm, |∆|  =  0.5), 
in the vibration density of states (vDOS) calculation, we 
choose the atoms of the device in the first two unit cells away 
from each thermal contact region. The results are shown in 
figure 3: the power spectra of the wide and narrow ends of the 
three models overlap relatively well when ∆ = 0.5; however, 
when ∆ = −0.5, an obvious mismatch in the power spectra 
of the wide and narrow ends of each model can be observed, 
with significant low-frequency peaks appearing at 1.34 THz 
in each model. The power spectra of the three models show 
obvious mismatches under negative thermal bias.

The match/mismatch of the vDOS is considered an impor-
tant mechanism of thermal rectification [34]. To quantify the 
analysis of the match or mismatch of the vDOS, the overlaps 
(S) of the vDOS are calculated as follows:

S± =

´
Pw(ω) · Pn(ω)dωÄ´

Pw(ω)
2dω
ä1/2

·
Ä´

Pn(ω)
2dω
ä1/2 (2)

where S+ and S− are the overlaps of the vDOS in the case of 
Δ  >  0 and Δ  <  0, respectively; Pw(ω) is the power spectrum 
of the wide end of the device; and Pn(ω) is the power spec-
trum of the narrow end of the device.

The value of S+/S− is generally used to assess the degree 
of mismatch of the power spectrum, and the larger the value, 
the higher the degree of mismatch. The calculated results show 
that the S+ of Model A, Model B, and Model C are 0.9789, 
0.8843, and 0.8939, respectively; S− of Model A, Model B, 
and Model C are 0.8724, 0.6376, and 0.4873, respectively; 
and S+/S− of Model A, Model B, and Model C are 1.122, 
1.3869, and 1.8344, respectively. The values of S+/S− match 
with the thermal rectification ratio of each model; namely, the 
thermal rectification ratio of Model C is the largest, Model B 
is the second largest, and Model A is the smallest. Therefore, 
the thermal rectification effect is reasonably explained by the 
mismatch in the power spectra of the wide and narrow ends 
under negative thermal bias.

To understand why notable thermal rectification 
exhibit in Model C when the entire system is symmetric, 
we calculated the S+/S− of Model A, Model B, and 
Model C in the case of LGL  =  LGR  =  2.8 nm (|∆|  =  0.5). 
The calculated values of S+/S− of Model A, Model 
B, and Model C are 1.004, 1.027, and 1.136, respec-

tively. Consid ering  η = (J+ − J−)/J− ∼ (S+/S−)
δR − 1 

(δR = 1.68 ± 0.08) [34, 35], we can obtain that thermal rec-
tification ratio in this case for Model A, Model B is basically 
equal zero, but is notable for Model C.

To confirm whether the significant low-frequency peak 
appearing in vDOS is related to the standing wave under the 
negative thermal bias, the velocity autocorrelation function 
(VACF) of the groups of atoms in the vDOS regions for the 
three models is calculated. In fact, the periodic components 
in VACF correspond to the periodic component of its original 
signal. As shown in figures 4(a), (c) and (e), when ∆ = −0.5, 
the VACF for Model A has some noise but still shows obvious 
periodicity, and the periodicity of the VACF for Model B and 
Model C are more obvious and dominate the vibration. The 
periodicity in the VACF indicates the standing waves existed 
in original signal. As can be seen from the figure, the frequen-
cies of the standing waves in Model A, Model B, and Model C 
are all 1.34 THz, and this is consistent with the results from the 
vDOS calculations. Figures 4(b), (d) and (f) show the results 
of VACF calculations for Model A, Model B, and Model C 
at Δ  =  0.5, respectively, and the amplitude of the VACF rap-
idly decay and have no obvious periodicity. The above results 
suggest that there are obvious standing waves at the narrow 
ends under the negative thermal bias and that the existence of 
standing waves greatly hinders the transfer of thermal energy. 
This is why the heat flux under the negative thermal bias is 
obviously less than under the positive thermal bias.

We also calculate the natural frequencies of the narrow 
end of the device for Model A, Model B, and Model C. 
As shown in figure 5, the natural frequencies of 1.34 THz 
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coincide with the significant low-frequency peaks of 1.34 
THz in the VDOS as shown in figures  3(b), (d), and (f), 
indicating that the standing wave that exists at the narrow 
end under negative thermal bias is actually a resonance at 
the natural frequency of 1.34 THz. In fact, the thermal con-
ductivity reduction by local resonance in nanostructures has 
been found and reported [36–38]. Additionally, Li et al [34] 
has reported that the resonance effect in the temperature-
dependent power spectrum versus frequency as a result of 
the nonlinear lattice dynamics is one of the important under-
lying physical mechanisms of the thermal rectification. In 
this study, the resonances that appear at the narrow end of 

the models under negative thermal bias heavily block phonon 
transport thus lead to much lower thermal conductivity than 
those under positive thermal bias, which explain the thermal 
rectification effect.

Our above study is based on the idea of Lee that the thermal 
contacts is considered as the part of the system; however one 
might argue that the exclusion of thermal reservoirs from the 
system of interest, as adopted in many NEMD studies, is the 
way to study the intrinsic material property of the device. In 
the opinion of the latter, the system only means the device. If 
this view is correct, we can draw some more interesting con-
clusions: (1) a structural symmetry system can have thermal 

Figure 3. vDOS per atom for Model A, Model B, and Model C. (a) and (b): Model A; (c) and (d): Model B; (e) and (f): Model C.
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rectification when an asymmetry thermal reservoir is applied; 
(2) the direction of a thermal rectifier can be changed by 
applying reversed asymmetry thermal reservoir.

4. Conclusions

In summary, the thermal rectification of the three different 
models of CNT-graphene nanostructures are investigated 

using NEMD simulations, and the impact of asymmetry in the 
boundary thermal contacts region and device asymmetry on 
the thermal rectification of the overall system is analyzed and 
explored. We found that both the asymmetry of entire system 
and the asymmetry of the device are not necessary condition 
for the existence of thermal rectification, and the asymmetry 
in boundary thermal contacts is more important than the 
asymmetry in device toward determining both the magnitude 
and the direction of thermal rectification. Notable thermal 
rectification can exist in the systems with overall structural 
symmetry when the boundary thermal contacts are structur-
ally asymmetric. Moreover, nanostructures with a structur-
ally symmetric device and structurally asymmetric boundary 
thermal contacts can still display significant thermal rectifi-
cation. These findings could offer important implications for 
future design and performance improvement of nanostruc-
tured thermal rectifiers.
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